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SUPERFIELD COVARIANT
QUANTIZATION WITH BRST SYMMETRY
P.M. Lavrov, P.Yu. Moshin
Tomsk State Pedagogical University, Tomsk 634041, Russia
We generalize the method of superfield Lagrangian BRST quantization in the
part of the gauge-fixing procedure and obtain a quantization method that can
be considered as an alternative to the Batalin–Vilkovisky formalism.
1 Introduction
In previous years it has been realized that two principles are essential in the
formulation of appropriate quantum versions of a classical theory considered
in the covariant, i.e. Lagrangian, approach, namely, the invariance under the
BRST transformations [1], and the gauge-independence of the S-matrix.
It is well-known that the first principle can be replaced by the require-
ment of BRST–antiBRST symmetry [2], which also leads to possible versions
of quantization methods, such as the Sp(2)-covariant quantization [3], the
triplectic quantization [4], or the extended superfield BRST quantization [5].
For the first time, the two above-mentioned principles were realized in
the framework of the BV quantization method [6] for general gauge theories,
proposed by Batalin and Vilkovisky.
It should be noted that the requirements of (extended) BRST symmetry
and gauge-independence are two independent principles, which can be exem-
plified by the method of Osp(1, 2)-covariant quantization [7] that satisfies the
requirement of extended BRST symmetry, while violating the requirement of
gauge-independence.
Note also that there is arbitrariness in the realization of the above prin-
ciples, which implies that there can be off-shell different quantum versions of
a classical theory. The existence of this arbitrariness may be exemplified by
different extensions of the BV quantization method (see, e.g., [8]).
The purpose of this report is to demonstrate the fact that extending the
method of the BV quantization in the part of gauge-fixing, while retaining the
principles of BRST symmetry and gauge-independence, can lead to off-shell
different quantum theories. To do so, we consider the superfield form [9] of
the BV quantization rules, which provides another realization of the principles
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of BRST symmetry and gauge-independence. By extending [9] in the part of
gauge-fixing, we obtain a quantization scheme [10] that differs from a natural
generalization of the gauge-fixing procedure inherent in the BV quantization.
2 Batalin–Vilkovisky Formalism
Let us remind the basic ingredients of the BV quantization method for general
gauge theories [6].
The starting point is a classical gauge-invariant action S0(A) of fields A
i.
The action may belong to the class of irreducible or reducible theories, with a
closed or open algebra of gauge transformations. The complete configuration
space φA is introdiced, spanned by the initial fields Ai, the ghost fields, and the
auxiliary fields. The content of the complete configuration space is determined
by the properties of the initial theory, i.e. by the fact whether the theory is an
irreducible or reducible one. Note that the explicit structure of the complete
configuration space is not essential for the following considerations.
With each field φA, a corresponding antifield φ∗A is accociated, having the
opposite Grassmann parity, ε(φ∗A) = εA + 1. In the space of the field-antifield
variables one defines the antisimplectic operation ( , ) called the antibracket
(F, G) =
δF
δφA
δG
δφ∗A
− (−1)(ε(F )+1)(ε(G)+1)
δG
δφA
δF
δφ∗A
(1)
and the nilpotent operator ∆
∆ = (−1)εA
δl
δφA
δ
δφ∗A
, ∆2 = 0. (2)
The basic object of the BV quantization is the quantum action S = S(φ, φ∗)
that satisfies the generating equation
1
2
(S, S) = ih¯∆S, (3)
or equivalently
∆ exp
{
i
h¯
S
}
= 0, (4)
with the boundary condition
S|φ∗=h¯=0 = S0.
The vacuum functional Z is defined as an integral over the fields of the
complete configuration space φA,
Z =
∫
dφ exp
{
i
h¯
Seff(φ)
}
, (5)
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where
Seff(φ) = Sext(φ, φ
∗)|φ∗=0 . (6)
In eq. (6), Sext = Sext(φ, φ
∗) is the gauge-fixed quantum action constructed as
the symmetry transformation
exp
{
i
h¯
Sext
}
= exp
(
− [∆,Ψ]+
)
exp
{
i
h¯
S
}
, (7)
retaining the form of the generating equation (4)
∆ exp
{
i
h¯
Sext
}
= 0, (8)
and introduced with the help of the gauge fermion Ψ that removes the degen-
eracy of the functional integral (5).
Equivalently, the vacuum functional (5) can be represented in the form of
an integral over the variables φA, φ∗A, λA,
Z =
∫
dφ dφ∗ dλ exp
{
i
h¯
[
Sext(φ, φ
∗) + φ∗Aλ
A
]}
, (9)
where λA are additional fields with the Grassmann parity opposite to that of
the fields φA, ε(λA) = εA + 1.
By virtue of eq. (8), the integrand in eq. (9) is invariant under the global
supersymmetry transformations
δφA = λAµ, δφ∗A = µ
δSext
δφA
, δλA = 0 (10)
with an anticommuting parameter µ. Eqs. (10) realize the transformations of
BRST symmetry in the space of the variables φA, φ∗A, λA.
It follows from eqs. (4), (7) and (9) that the vacuum functional Z ≡ ZΨ does
not depend on the choice of the gauge fermion, ZΨ+δΨ = ZΨ, and hence, by the
equivalence theorem [11], the corresponding S-matrix is gauge-independent.
When formulating the rules of the BV quantization, the choice of Ψ in the
symmetry transformation (7) was made in the form of a functional depending
on the fields, Ψ = Ψ(φ). In this case the corresponding vacuum functional (5)
reduces to the well-known expression
Z =
∫
dφ dφ∗ dλ exp
{
i
h¯
[
S(φ, φ∗) +
(
φ∗A −
δΨ
δφA
)
λA
]}
. (11)
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3 Modified Superfiled BRST Quantization
Recently, a closed superfield form of the BV quantization rules was proposed
[9]. In this formalism all variables of the BV approach are combined into so-
called superfields and super-antifields in a superspace spanned by space-time
coordinates and a scalar Grassmann coordinate. The vacuum functional (11)
of the BV formalism is contained in the superfield approach as a particular
case of gauge-fixing and solutions of the generating equation.
We now generalize [10] the superfield BRST formalsim [9] in such a way
that the gauge is introduced by means of a bosonic functional depending on all
variables of the superfield formalism, including the super-antifields. The gauge-
fixing functional is subject to a generating equation similar to the equation that
determines the quantum action.
Let us introduce a superspace (xµ, θ) spanned by space-time coordinates
xµ, µ = (0, 1, . . . , D− 1), and a scalar anticommuting coordinate θ. Let ΦA(θ)
be a set of superfields ΦA(θ), accompanied by a set of the corresponding super-
antifields Φ∗A(θ) with the Grassmann parities ε(Φ
A) ≡ εA, ε(Φ
∗
A) = εA+1. The
superfields are subject to the boundary condition
ΦA(θ)|θ=0 = φ
A. (12)
Define the vacuum functional Z as the following integral:
Z =
∫
dΦ dΦ∗ρ[Φ∗] exp
{
i
h¯
(
S[Φ,Φ∗] +X [Φ,Φ∗] + Φ∗Φ
)}
. (13)
In eq. (13), S = S[Φ,Φ∗] is the quantum action determined by the generating
equation
1
2
(S, S) + V S = ih¯∆S, (14)
while X = X [Φ,Φ∗] is the gauge-fixing functional that satisfies the equation
1
2
(X,X)− UX = ih¯∆X. (15)
In eqs. (13), (14) and (15), we have used the antibracket ( , ) expressed in
terms of arbitrary functionals F = F [Φ,Φ∗], G = G[Φ,Φ∗] by the rule
(F,G) =
∫
dθ
{
δF
δΦA(θ)
∂
∂θ
δG
δΦ∗A(θ)
(−1)εA+1 − (16)
−(−1)(ε(F )+1)(ε(G)+1)(F ↔ G)
}
.
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We have also used the operators ∆, V and U
∆ = −
∫
dθ(−1)εA
δl
δΦA(θ)
∂
∂θ
δ
δΦ∗A(θ)
, (17)
V = −
∫
dθ
∂Φ∗A(θ)
∂θ
δ
δΦ∗A(θ)
, (18)
U = −
∫
dθ
∂ΦA(θ)
∂θ
δl
δΦA(θ)
(19)
(derivatives with respect to θ are understood as acting from the left) as well
as the functionals ρ[Φ∗] and Φ∗Φ
ρ[Φ∗] = δ
(∫
dθΦ∗(θ)
)
, (20)
Φ∗Φ =
∫
dθΦ∗A(θ)Φ
A(θ). (21)
The algebra of the above operators (17), (18) and (19) reads as follows:
∆2 = 0 , U2 = 0 , V 2 = 0,
∆U + U∆ = 0, ∆V + V∆ = 0, UV + V U = 0.
(22)
The equations (14) and (15) can be represented in the equivalent form
∆¯ exp
{
i
h¯S
}
= 0,
∆˜ exp
{
i
h¯
X
}
= 0
(23)
with the help of the operators
∆¯ = ∆+
i
h¯
V, ∆˜ = ∆−
i
h¯
U,
having the algebraic properties
∆¯2 = 0, ∆˜2 = 0, ∆¯∆˜ + ∆˜∆¯ = 0.
By the nilpotency (22) of the operator U (19), any functional
X = UΨ[Φ] (24)
with a fermionic functional Ψ[Φ] is a solution of the equation (15). The above
expression (24) has the exact form of the gauge-fixing functional applied by
the method of superfield BRST quantization [9].
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By virtue of eqs. (14) and (15), the integrand in eq. (13) is invariant under
global supersymmetry transformations with an anticommuting parameter µ,
δΦA(θ) = µUΦA(θ) + (ΦA(θ), X − S)µ,
δΦ∗A(θ) = µV Φ
∗
A(θ) + (Φ
∗
A(θ), X − S)µ.
(25)
Eqs. (25) are the transformations of BRST symmetry in the framework of the
modified superfield BRST quantization.
By virtue of eqs. (14), (15), (22) and (25), the vacuum functional Z ≡ ZX
in eq. (13) does not depend on the choice of the gauge boson, ZX+δX = ZX ,
which, consequently, ensures [11] the gauge-independence of the S-matrix.
The method of modified superfield BRST quantization permits to gener-
alize the BV quantization scheme with respect to the gauge-fixing procedure.
In fact, consider the component representation of the superfields ΦA(θ) and
super-antifields Φ∗A(θ)
ΦA(θ) = φA + λAθ, Φ∗A(θ) = φ
∗
A − θJA.
The set of the variables φA, φ∗A, λ
A and JA coincides with the complete set of
variables applied by the BV method, where the components JA, ε(JA) = εA,
are identified with the sources to the fields φA.
In the component form, the antibracket (16) and the operator ∆ (17) co-
incide with the corresponding objects (1) and (2) of the BV method.
Let us now represent the integration measure (20) in the component form
dΦ dΦ∗ ρ[Φ∗] = dφ dφ∗ dλ dJ δ(J).
Solutions of the generation equation that determine the action S when JA = 0
may be sought among solutions of the master equation (3) applied by the BV
method, since the operator V (18)
V = −JA
δ
δφ∗A
vanishes when JA = 0.
Let us choose the functional S to be independent of λA. Taking into account
the component form of Φ∗Φ in eq. (21)
Φ∗Φ = φ∗Aλ
A − JAφ
A,
we obtain the following representation of the vacuum functional (13):
Z =
∫
dφ dφ∗ dλ exp
{
i
h¯
[
S(φ, φ∗) +X(φ, φ∗, λ) + φ∗Aλ
A
]}
. (26)
The above result (26) may be considered as a natural extension of the BV
quantization procedure to a more general case of gauge-fixing. In fact, the
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functional X = UΨ[Φ] is a solution of the generating equation (15). Note that
the component representation of the operator U (19) reads
U = −(−1)εAλA
δl
δφA
.
Let us choose the functional Ψ to be independent of the fields λA, Ψ = Ψ(φ).
Then we find that the gauge-fixing functional X
X(φ, λ) = −
δΨ(φ)
δφA
λA (27)
becomes identical with the gauge applied by the BV quantization method, and
therefore in the above particular case (27) of solutions that determine X the
vacuum functional (26) of the modified superfiels BRST formalism coincides
with that of the BV method (11). This means, given the established gauge-
independence within the BV approach as well as within the modified superfield
BRST formalism, the coincidence of the S-matrices in both these methods,
including the case when the gauge-fixing of the BV method is extended to an
arbitrary (admissible) gauge fermion Ψ in the symmetry transformation (7).
Let us show, however, that the extension of the gauge-fixing procedure
of the BV method obtained as a generalization of the gauge fermion does
not coincide with that provided by the modified superfield BRST formalism.
Consider the generalization of the BV vacuum functional (11) following from
eq. (5) with the symmetry transformation (7) extended to the case of the gauge
fermion chosen as a functional of fileds and antifields, Ψ = Ψ(φ, φ∗). Then the
original vacuum functional (5) can be represented in the form
Z =
∫
dφ dφ∗ dλ exp
{
i
h¯
[
S(φ, φ∗) + SΨ(φ, λ) + φ
∗
Aλ
A
]}
, (28)
where the corresponding gauge-fixed part SΨ(φ, λ) of the quantum action,
exp
{
i
h¯
SΨ(φ, λ)
}
=
∫
dφ′ dφ∗
′
δ
(
φ− φ′ +
δΨ
δφ∗′
)
δ(φ∗
′
)×
× exp
{
i
h¯
[
−
(
φ∗
′
+
δΨ
δφ′
)
λ+ ih¯∆′Ψ
]}
,
does not depend on the antifields. In this sense, the introduction of gauge
with the help of the bosonic functional X (15) and (26) in the framework
of the modified superfield BRST approach can be considered as a formal ex-
tension of the gauge-fixing procedure introduced by means of the symmetry
transformation (7) within the BV quanization method.
Note that gauge-fixing in terms of the bosonic functional X (15), or (23),
aslo leads to a generalization of the usual Ward identities. Indeed, define, as
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we return to the vacuum functional (26), the extended generating functional
Z(J, φ∗) of Green’s functions by the rule
Z(J, φ∗) =
∫
dφ′ dφ∗
′
dλ exp
{
i
h¯
[
S(φ′, φ∗
′
) +X(φ′, φ∗
′
, λ)
+ (φ∗
′
− φ∗)λ+ Jφ′
]}
, (29)
where we have introduced the sources JA to the fields φ
A.
In the particular case when the bosonic functional X , by analogy with the
BV method (28), does not contain dependence on the antifields, X = X(φ, λ),
the generating equation (23) that determines X takes on the form
U exp
{
i
h¯
X
}
= 0. (30)
From eqs. (29) and (30), with allowance for eq. (3), follow the well-known
Ward identities for gauge theories
JA
δ
δφ∗A
Z(J, φ∗) = 0.
When extending eq. (30) to the case (23) that corresponds to the presence
of antifields in the gauge-fixing functional, X = X(φ, φ∗, λ), the form of the
corresponding Ward identities is modified to
JA
δ
δφ∗A
Z =
1
ih¯
JA
〈
δX
δφ∗
′
A
〉
Z,
where we have used the notation
〈
δX/δφ∗
′
A
〉
for the vacuum expectation value
of the functional δX/δφ∗
′
A , X = X(φ
′, φ∗′, λ).
4 Conclusion
In this report, we have considered the modified scheme [10] of superfield La-
grangian quantization based on the principles of BRST symmetry and the
gauge-independence of the S-matrix. We have shown that the formalism [10]
provides a generalization of the gauge-fixing procedure of the BV quantization
method [6], different from the natural extension of the gauge-fixing inherent
in [6]. Thus we conclude that the above two extensions of the BV approach
provide off-shell different realizations of the principles of BRST symmetry and
gauge-independence, while leading to identical S-matrices.
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